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1. INTRODUCTION
ŽLet E and F be real or complex Hilbert spaces we denote the scalar
.field by  with the inner products and the associated norms denoted by
²  :    and  , respectively.
 Ž . Ž .A mapping f : E F is called an isometry if and only if f x  f y
  x y for all x, y E. A mapping f : E F is called inner product
presering if it is a solution of the orthogonality equation
²  : ²  :f x f y  x y for x , y E. 1Ž . Ž . Ž .
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Ž .One can show that f satisfies 1 if and only if it is a linear isometry.
Similarly, f : E F is a solution of the functional equation
²  : ²  :f x f y  y x for x , y E 2Ž . Ž . Ž .
if and only if f is a conjugate-linear isometry, i.e., f is an isometry and
Ž . Ž . Ž .f  x  y   f x   f y for x, y E and , .
Functions f , g : E F are called phase-equialent if and only if there
   4 Ž . Ž . Ž .exists a function  : E S z: z  1 such that g x   x f x
for each x E.
A functional equation
²  : ²  :f x f y  x y for x , y E 3Ž . Ž . Ž .
Ž .is called the Wigner equation or the generalized orthogonality equation as
 	it appeared in the book of E. P. Wigner 12 . The following theorem played
a crucial role in Wigner’s time reersal operator theory.
Ž .THEOREM OF WIGNER. If f : E F satisfies 3 , then f is phase-equi-
alent to a linear or a conjugate-linear isometry.
 	The ‘‘mathematical’’ proof of this theorem can be found, e.g., in 9, 10 .
Ž  	The HyersUlam stability in the spirit of 5 where isometries were
.  	considered of the Wigner equation has been proved, in general, in 2 . For
 	the real case a more elementary proof was given in 1 . Information on the
 	 Žproblem can be found also in 4, Chap. 9 we also refer to this book to get
.acquainted with the general theory of the stability of functional equations .
 	In the present paper we generalize the stability result from 2 .
2. MAIN RESULTS
 	By using an idea from 6 , we define
  4x E : x 
 d if 0 c 1,
D ½   4x E : x  d if c 1
for given constants 1 c 0 and d
 0. Throughout this paper, we will
 4  .exclude the trivial case D 0 . We consider a function  : E E 0,
satisfying the property
lim cmn cm x , cn y  0 for all x , yD. 4Ž . Ž .
mn
In order to define a class of approximate solutions of the Wigner
equation we introduce the functional inequality
 ²  :  ²  :  f x f y  x y   x , y for x , yD. 5Ž . Ž . Ž . Ž .
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Ž .Let us define a functional sequence f byn n0
f x  cn f cn x for x E. 6Ž . Ž . Ž .n
Ž .From 5 , we then obtain easily, for any xD and m, n ,0
2 mn m n  ²  :x  c  c x , c x  f x f xŽ . Ž . Ž .m n
  2 mn m n x  c  c x , c x 7Ž . Ž .
and, in particular, for m n,
  2 2 n n n   2   2 2 n n nx  c  c x , c x  f x  x  c  c x , c x . 8Ž . Ž . Ž . Ž .n
Now we are going to prove the main result.
Ž .THEOREM 1. If f : E F satisfies 5 with the function  : E E
 . Ž . Ž0, satisfying the property 4 , then there exists a unique up to a phase-
. Ž .equialent function mapping I : E F satisfying the Wigner Eq. 3 and
such that
'f x  I x   x , xŽ . Ž . Ž .
for all xD.
 	Proof. We use the method worked out in the proof of 2, Theorem 2 .
Ž . Ž .The right hand side inequality in 8 and property 4 imply that for an
Ž Ž .. Ž arbitrary xD the sequence f x is bounded. Thus, there exists cf. 8,n
	. Ž Ž .. Ž Ž ..Theorem 2, p. 149 a subsequence f x of f x weakly convergentl Ž x . nn
in F. Next, we choose   S such thatl Ž x .n
 f x f x  .² :Ž . Ž .l Ž x . l Ž x . n n
Ž .As S is compact in  one can find a covergent subsequence    x .k Ž x . nn
Thus we have
 x f x f x ² :Ž . Ž . Ž .n k Ž x . n
Ž .which together with 7 gives us
  x f x f x   x f x f x² : ² :Ž . Ž . Ž . Ž . Ž . Ž .n k Ž x . n k Ž x .n n
 f x f x² :Ž . Ž .k Ž x .n
  2 k nŽ x . k nŽ x .
 x  c  c x , x . 9Ž . Ž .
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Ž Ž . Ž ..The sequence  x f x is weakly convergent, so letn k Ž x .n
f	 x  w-lim x f x for xD.Ž . Ž . Ž .n k Ž x .nn
Ž .From 5 , for any x, yD and m, n , we have0
 ²  :  x f x  y f y  x y² :Ž . Ž . Ž . Ž .m k Ž x . n k Ž y .m n
 ck mŽ x .k nŽ y . ck mŽ x .x , ck nŽ y . y . 10Ž .Ž .
Defining, for a fixed yD and n ,0
 z  z  y f y for z F² :Ž . Ž . Ž .n k Ž y .n
Ž .we have  F* and we can write 10 as
k Ž x .k Ž y . k Ž x . k Ž y .m n m n²  :   x f x  x y  c  c x , c y .Ž . Ž . Ž .Ž .m k Ž x .m
On letting m  we get
²  :  f	 x  x y  0Ž .Ž .
and then
 ²  : y f y f	 x  x y for xD. 11² :Ž . Ž . Ž . Ž .n k Ž y .n
For a fixed xD we define a functional 	 from the dual space F* by
²  :	 z  z f	 x for z FŽ . Ž .
Ž .and 11 can be written as
²  :	  y f y  x y .Ž . Ž .Ž .n k Ž y .n
On letting n  we get from the definition of f	
²  :	 f	 y  x y ,Ž .Ž .
i.e.,
 ²  :² :f	 x f	 y  x y for x , yD. 12Ž . Ž . Ž .
Ž . Ž .From 8 and 9 we obtain for xD,
2
 x f x  f xŽ . Ž . Ž .n k Ž x .n
2 2   x f x  f x  2 Re  x f x f x² :Ž . Ž . Ž . Ž . Ž . Ž .n k Ž x . n k Ž x .n n
  2 2 k nŽ x . k nŽ x . k nŽ x . x  c  c x , c xŽ .
  2   2 k nŽ x . k nŽ x . x   x , x  2 x  2c  c x , x .Ž . Ž .
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Ž . Ž .Let us fix xD. If f	 x  f x we define
f	 x  f xŽ . Ž .

 z  z for z F .Ž . ¦ ;f	 x  f xŽ . Ž .
 Obviously, 
 F* and 
  1. Thus

  x f x  f xŽ . Ž . Ž .Ž .n k Ž x .n
  x f x  f xŽ . Ž . Ž .n k Ž x .n
2 k Ž x . k Ž x . k Ž x . k Ž x . k Ž x .n n n n n' c  c x , c x   x , x  2c  c x , x .Ž . Ž . Ž .
Ž .  Ž Ž . Ž ..  'On letting n , using property 4 we get 
 f	 x  f x   x , xŽ .
whence
'f	 x  f x   x , x for xD. 13Ž . Ž . Ž . Ž .
Ž Ž . Ž . .Obviously the last inequality holds also if f	 x  f x .
Now, we have to extend f	 from D to the whole E. Putting
n x min n : cn xD , x 0 4Ž . 0
we define
nŽ x . nŽ x .  4c f	 c x for x E  0 ,Ž .I x  14Ž . Ž .½ 0 for x 0.
² Ž .  Ž .: ²  :If x 0 or y 0, then we have I x I y  x y  0. For x, y 0 we
have
nŽ x . nŽ x . nŽ y . nŽ y . ² :I x I y  c f	 c x c f	 c y² :Ž . Ž . Ž . Ž .
nŽ x .nŽ y. nŽ x . nŽ y . c f	 c x f	 c y² :Ž . Ž .
nŽ x .nŽ y. nŽ x . nŽ y .² : c c x c y
²  : x y ,
Ž . Ž .i.e., I satisfies the Wigner Eq. 3 . Moreover, if xD, then n x  0
Ž . Ž . Ž .whence I x  f	 x and from 13 we have
'I x  f x   x , x for xD.Ž . Ž . Ž .
It suffices to prove the uniqueness of I. Suppose that I , I : E F1 2
Ž .satisfy the assertion of the theorem, i.e., that both are solutions of 3 such
 Ž . Ž . 'that I x  f x   x , x for all xD and i 1, 2. ThenŽ .i
'I x  I x  2  x , x for xD.Ž . Ž . Ž .1 2
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From the Theorem of Wigner there exist two linear or conjugate-linear
isometries T , T : E F and functions  ,  : E S such that for any1 2 1 2
x E,
I x   x T x and I x   x T x .Ž . Ž . Ž . Ž . Ž . Ž .1 1 1 2 2 2
Ž .Let us fix x E. Let n x , as before, be the smallest nonnegative integer
n Ž x . Ž . nsuch that c xD. For n
 n x we have c xD whence
2n n n n4 c x , c x 
 I c x  I c xŽ . Ž . Ž .1 2
2n n n n  c x T c x   c x T c xŽ . Ž . Ž . Ž .1 1 2 2
2 2n n T c x  T c xŽ . Ž .1 2
n n  n n² : 2 Re  c x T c x  c x T c xŽ . Ž . Ž . Ž .1 1 2 2
2n n n  ² :
 2 c x  2 T c x T c xŽ . Ž .1 2
22 n 2 n  ² : 2c x  2c T x T x .Ž . Ž .1 2
Therefore, we have
2 2 n n n  ² :x  2c  c x , c x  T x T x for x E, n
 n x .Ž . Ž . Ž . Ž .1 2
15Ž .
 4 Ž . Ž .Now suppose that for some x E  0 , T x and T x are linearly1 2
independent. Then we would have
2  ² :T x T x  T x  T x  x ,Ž . Ž . Ž . Ž .1 2 1 2
 . ² Ž .  Ž .:    2i.e., there would exist  0, 1 such that T x T x   x . This1 2
Ž .together with 15 would give
  2 2 n n n   2x  2c  c x , c x   xŽ .
and consequently
  2 2 n n n1  x  2c  c x , c x for n
 n x .Ž . Ž . Ž .
Ž .Because of 4 , the right hand side of the above inequality tends to zero as
Ž . Ž .n a contradiction. Thus for any x E the vectors T x and T x1 2
are linearly dependent.
 4 Ž . Ž .Now suppose that for some x E  0 we have T x   T x and1 2
     1. Without loss of generality we can assume that   1. Once
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Ž . Ž .again, from 15 for any n
 n x we would have
2 2 n n n  ² :x  2c  c x , c x  T x T xŽ . Ž . Ž .1 2
² :  T x T xŽ . Ž .2 2
  ² :   T x T xŽ . Ž .2 2
    2   x .
Therefore
    2 2 n n n1  x  2c  c x , c xŽ . Ž .
Ž .for any n
 n x . On letting n , we obtain
    21  x  0,Ž .
Ž Ž . .a contradiction. Thus defining  0  1 we have proved that for any
Ž .  Ž .  Ž . Ž . Ž .x E there exists  x  such that  x  1 and T x   x T x .1 2
This implies
 x  xŽ . Ž .1
I x   x T x   x  x T x  I xŽ . Ž . Ž . Ž . Ž . Ž . Ž .1 1 1 1 2 2 xŽ .2
for any x E which means that I and I are phase-equivalent and1 2
finishes the proof.
Ž .Given , a function f : E F is called -homogeneous if f  x 
Ž . f x for all x E.
If we assume in Theorem 1 additionally that the function f is c-homoge-
Ž . Ž .neous, then we have f	 x  f x for xD in the above proof. Further-
Ž . Ž . Ž .more, the definition 14 implies that I x  f x for any x E; i.e., f
Ž .satisfies the Wigner Eq. 3 for all x, y E.
Hence, we obtain the following corollary.
COROLLARY 1. Let f : E F be a c-homogeneous function and let
 . Ž . : E E 0, be a function satisfying the property 4 . The function f
Ž . Ž .satisfies the inequality 5 if and only if f is a solution of the Wigner Eq. 3 .
In a similar but easier way we prove the stability of the orthogonality
equation:
THEOREM 2. If f : E F satisfies the inequality
 ²  :² :f x f y  x y   x , y for x , yD , 16Ž . Ž . Ž . Ž .
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 . Ž .where  : E E 0, satisfies 4 , then there exists a unique linear
isometry I : E F such that
'f x  I x   x , x 17Ž . Ž . Ž . Ž .
for all xD.
Ž . n Ž n .Proof. As before we define f x  c f c x and observe that forn
xD
  2 mn m n ² :x  c  c x , c x Re f x f xŽ . Ž . Ž .m n
  2 mn m n x  c  c x , c x . 18Ž . Ž .
Using these inequalities we show that for xD
f x  f xŽ . Ž .m n
2 m m m 2 n  n n mn m n' c  c x , c x  c  c x , c x  2c  c x , c x .Ž . Ž . Ž .
The right hand side tends to zero as m, n , whence, because of
completeness of F, we may define
f	 x  lim f x for xD.Ž . Ž .n
n
Ž .Now, using 14 we extend f	 to Idefined on Eand prove that I
Ž . Ž .satisfies 1 and 17 .
ŽIf I also satisfies the assertion of the theorem, then because of
Ž ..linearity of I and 17
n n n'I x  f x  c  c x , c x  0 as n Ž . Ž . Ž .n
for all xD. Therefore
I x  lim f x  f	 x for xDŽ . Ž . Ž .n
n
which imply I I on E.
The following corollary is a counterpart of Corollary 1 for the orthogo-
Ž .nality Eq. 1 .
COROLLARY 2. Assume that f : E F is a c-homogeneous function and
 . Ž .that  : E E 0, satisfies the property 4 . The function f satisfies the
Ž .inequality 16 if and only if f is a linear isometry.
Remark 1. With 0 c 1 and d 0 we obtain global versions of
Theorems 1 and 2.
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3. APPLICATIONS
Ž .   p   pLet  x, y   x y with 
 0. Then
mn m n Žmn.Ž1p.   p   pc  c x , c y  c x y for m , n.Ž .
For 0 c 1 and p 1 or c 1 and p 1 the right hand side of the
Ž .above equality tends to zero as m n ; i.e.,  satisfies 4 .
Thus we obtain from Theorem 1:
   4 Ž .COROLLARY 3. Let p 1 and D x E : x 
 d d
 0 or p 1
   4 Ž .and D x E : x  d d 0 . If f : E F satisfies the inequality
p p ²  :     ² :f x f y  x y   x y for x , yD ,Ž . Ž .
Ž .then there exists a unique up to a class of phase-equialent functions
Ž .mapping I : E F satisfying the Wigner Eq. 3 and such that
p'  f x  I x   xŽ . Ž .
for each xD.
For p 0 we obtain
COROLLARY 4. If f : E F satisfies the inequality
 ²  :   ² :  4f x f y  x y   for x , yD x E : x 
 d d
 0 ,Ž . Ž . Ž .
Ž .then there exists a unique up to a class of phase-equialent functions
Ž .mapping I : E F satisfying the Wigner Eq. 3 and such that
'f x  I x  Ž . Ž .
for xD.
Note that analogous corollaries can be derived from Theorem 2.
Remark 2. For d 0 Corollary 4 gives the HyersUlam stability of the
Ž  	.Wigner equation on the whole E cf. 2, Theorem 2 .
 	As we already mentioned, Hyers and Ulam 5 initiated investigations on
Žthe stability of isometries on Banach and Hilbert spaces a brief survey on
 	.this subject can be found in 11 . Now we will apply our Theorem 2 to the
proof of a certain kind of stability of isometries on bounded domains.
THEOREM 3. Assume that E and F are real Hilbert spaces. Let d 0 be
fixed and define
  4D x E : x  d .
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If f : E F satisfies the inequality
p p     f x  f y  x y   x y 19Ž . Ž . Ž .
for some p 1, 
 0 and for all x, yD, then there exists a unique linear
isometry I : E F such that
p12 2 p'    f x  f 0  I x max 2  x ,  x 20Ž . Ž . Ž . Ž . 4
for each xD.
Ž .Proof. By 19 we get
p p       f x  f y  x y  2 x y   x y 21Ž . Ž . Ž .
Ž . Ž .for any x, yD. Thus, it follows from 19 and 21 that
2 2 p p 2 p 2 p2           f x  f y  x y  2 x y x y   x y ,Ž . Ž .
i.e.,
2 2 2 2   ²  :  ² :f x  2 f x f y  f y  x  2 x y  yŽ . Ž . Ž . Ž .
    p   p 2   2 p   2 p 2 x y x y   x y 22Ž .
for all x, yD.
Ž .By putting y 0 and x 0 in 22 separately, we have
2 2 2  ² :f x  2 f x f 0  f 0  x  0 23Ž . Ž . Ž . Ž . Ž .
and
2 2 2  ² :f y  2 f 0 f y  f 0  y  0 24Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž .for any xD and yD, respectively. From 22 , 23 , and 24 we obtain
 ²  :² :f x  f 0 f y  f 0  x yŽ . Ž . Ž . Ž .
2 2 2 21    ²  :  ² :  f x  2 f x f y  f y  x  2 x y  yŽ . Ž . Ž . Ž .2
2 2 21   ² : f x  2 f x f 0  f 0  xŽ . Ž . Ž . Ž .2
2 2 21   ² : f y  2 f 0 f y  f 0  yŽ . Ž . Ž . Ž .2
p p 1 2 p 2 p2           x y x y   x y2
1p p p 1p 1 2 p 2 p2             x y  x y   x yŽ . 2
for any x, yD.
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If we put
1p p p 1p 1 2 p 2 p2            x , y   x y  x y   x yŽ . Ž . 2
Ž .for all x, y E, then we can easily verify that  satisfies the property 4
Ž .with any c 1 . Therefore, due to Theorem 2, there exists a unique linear
isometry I : E F such that
'f x  f 0  I x   x , xŽ . Ž . Ž . Ž .
for each xD, which completes the proof.
Ž .   pA similar result, with the right hand side of 19 replaced by  x y ,
 	has been recently obtained in 3, 7 .
As a corollary from the above theorem we get its global version:
COROLLARY 5. Let E and F be real Hilbert spaces and let f : E F
Ž .satisfy 19 for some p 1 and for all x, y E. Then there exists a unique
linear isometry I : E F such that
p12 2 p'    f x  f 0  I x max 2  x ,  xŽ . Ž . Ž .  4
for any x E.
   4Proof. Let D denote the ball x E : x  n . For an arbitraryn
Ž .n we have that f satisfies 19 for all x, yD . According ton
Theorem 3, there exists a unique linear isometry I : E F such thatn
p12 2 p'    f x  f 0  I x max 2  x ,  x for xD .Ž . Ž . Ž .  4n n
ŽFrom the uniqueness of I we get that I coincides with I on D then n 1 1
.unit closed ball .
Let x E D . Then there is an integer n with xD . Let us choose1 n
an m such that 2m xD . Using the linearity property of I and I ,1 1 n
we have
I x  2 mI 2m x  2 mI 2m x  I x .Ž . Ž . Ž . Ž .n n 1 1
Ž . Ž .Clearly, I x  I x for xD .n 1 1
Ž . Ž .If we define I x  I x for x E, then the linear isometry I satisfies1
the assertion.
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